Sequences with good correlation properties are widely used in engineering applications, especially in the area of communications. Among the known sequences, cyclotomic families have the optimal autocorrelation property. In this paper, we decide the cross-correlation function of the known cyclotomic sequences completely. Moreover, to get our results, the relations between the multiplier group and the decimations of the characteristic sequence are also established for an arbitrary difference set.
Introduction
Let D be a subset of Z N , the characteristic sequence s of D is a binary one which is defined by
where s i is the i-th component of s. D is called the characteristic set or support of s. Let s = (s 0 , s 1 , . . . , s N −1 ) and t = (t 0 , t 1 , . . . , t N −1 ) be two binary sequences of period N with characteristic sets B and C, respectively. The period cross-correlation function between s and t is defined as for w = 0, 1, . . . , N − 1, where the operation in the subscript is done modulo N. From now on, all the operations related to the subscript will be done modulo a particular integer. C s,t (w) can be determined by the difference function of B and C defined as d B,C (w) = |(B + w) ∩ C|, where B + w = {x + w | x ∈ B}. When |B| = |C|, it can be got easily that C s,t (w) = N − 4(|B| − d B,C (w)).
(1.1) When B = C and then s = t, we denote d B,C (w) and C s,t (w) by d B (w) and C s (w), respectively, with the latter being known as the autocorrelation function of s. The above equation (1.1) then becomes C s (w) = N − 4(|B| − d B (w)) (see [4] ). Periodic binary sequences with good correlation properties have important applications in various areas of engineering, such as data acquisition and analysis system [10] , detection system [11, 21] , cryptology [6] , and especially communications [5] . Many applications need binary sequences that have good autocorrelation properties, while in multipleterminal system identification and code-division multiple-access (CDMA) system, there need sequences with both good autocorrelation and cross-correlation properties.
Let GF (q) be the finite field with q elements, and let d divide q − 1, i.e., q = df + 1 for some integer f . Let α be a primitive element of GF (q), define C
's are called cyclotomic classes of order d. The cyclotomic numbers of order d with respect to
|. The cyclotomic numbers [17] which will be used in this paper are given as follows. Table 1 . In this table, the numbers at the left column and at the top row indicate the indexes of rows and columns respectively. The cyclotomic number (i, j) is the entry at the row with index i and at the column with index j, where A = (q − 11 − 8x)/36, B = (q + 37 − 2x)/36, C = (q+1+16x)/36, D = (q−35−2x)/36, E = (q+13+4x)/36, F = (q−23+4x)/36 and G = (q + 1 − 2x)/36. 
A difference set in the cyclic group Z v is also called cyclic. Cyclotomic classes can be used to construct difference sets [1, 17] . Those difference sets constructed by cyclotomic classes are called cyclotomic difference sets. Moreover, the sequences constructed by cyclotomic difference sets are called cyclotomic sequences.
Many constructions of binary sequences with good correlation properties were given for the propose of application. m-sequences have optimal autocorrelation values, but the cross-correlations between some pairs may not fit for some particular usages. Thus many authors took efforts to seek the preferred pairs of m-sequences [2, 8] . For more recent results on the cross-correlations of m-sequences, the reader is referred to Dobbertin et. al [3] and Ness et. al [12] . Meanwhile, many sequence families having both low nontrivial auto and cross-correlation values were also proposed, including them, bent and Gold sequences, as well as the small and large families of Kasami sequences are the famous ones [13, 15] . For the new constructions, the reader can see [20] and its references. In this paper, we concentrate on the cross-correlation of the known family of cyclotomic sequences that have perfect autocorrelations.
The following of the paper is organized as follows. Relations between multipliers of a difference set and the decimations of its characteristic sequence are established in Section 2. The cross-correlation functions of the known cyclotomic sequences are decided in Section 3. Concluding remarks are in Section 4.
Multiplier and decimation
Let D be a (v, k, λ)-difference set in an abelian group G and let r be a positive integer relatively prime to v. If rD = D+g for some g ∈ G, then we call r a (numerical) multiplier of D, where rD = {rd | d ∈ D} and D + g = {d + g | d ∈ D}. All multipliers of D form a subgroup M of Aut(G), which is called the multiplier group of D, where Aut(G) is the automorphism group of the group G.
Let s = (s 0 , s 1 , . . . , s N −1 ) be a binary sequence of period N, and r an integer relatively prime to N. Then s[r] = (s 0 , s r , s 2r , . . . , s (N −1)r ) is also a binary sequence of period N. We call this sequence the r-decimation of s. Let T be the left cyclic shift transformation on sequences. That is, for any sequence Proof The result is immediate from the fact that
and that ϕ : w → rw is a permutation on Z N . It is well-known that each automorphism of the cyclic group Z N is of the form z → rz for any z ∈ Z N , where r is an integer relatively prime to N. We denote such an automorphism by r again. For the sake of convenience, we abuse notations by using the same letter r for an integer which is relatively prime to N and for an automorphism of the group Z N derived from r. (2) Let u = (u 0 , u 1 , . . . , u N −1 ) be the characteristic sequence of r
Those sets r 
The multiplier group of this Singer difference set has order n (see [14] ). By Lemma 2.3, one can get easily that the number of m-sequences of degree n is φ(2 n − 1)/n. (2) Twin prime difference sets: Let both q and q + 2 be primes and
).
(3) Hall difference sets: Let q be a prime and q = x 2 + 27 ≡ 1 (mod 6). G = (GF (q), +).
and M = C (6,q) 0 . Remark 2.5 By the Chinese Remainder Theorem, Z q(q+2) ≃ GF (q) × GF (q + 2) under the isomorphism x → (x (mod q), x (mod (q + 2))). So all the above three difference sets are cyclic.
3 Cross-correlation properties of cyclotomic sequences Among the known sequences families, perfect sequences have the best autocorrelation properties. But for applications, it requires sequences with both good autocorrelation properties and good cross-correlation properties. Unfortunately, such requirement seems not easy to be satisfied by existing of restricting relations among the peak cross-correlation magnitude, the peak out-of-phase autocorrelation magnitude,and the period and the number of sequences in a sequence set [15] . Many efforts of investigating the cross-correlation function of m-sequences have been taken [16, 18, 19] . Here, we study the cross-correlation properties of the other three families of perfect sequences mentioned in Section 2. It shows that the cross-correlation function of such sequences can be completely decided and all the sequence pairs of the families have lower cross-correlation values. 
, i = 0, 1, and q = 2f + 1 with odd f , we have by Equation We have that C s,t (0) = −17, C s,t (w) = −1 when w ∈ {2, 3, 8, 10, 12, 13, 14, 15, 18} and C s,t (w) = 3 for other w's.
Theorem 3.3 Let both q and q +2 be primes, D the twin prime difference set in GF (q)× GF (q + 2) and let s be the characteristic sequence of D. Then (1) s has two decimations, say s and t.
(2) Both s and t are perfect sequences.
(3) When q = 3, C s,t (w) is 4-valued, and when q = 3, C s,t (w) is 5-valued.
Proof (1) and (2) are similar as in Theorem 3.1. We prove only (3) now. For simplicity, denote C 
We distinguish the following 4 cases to compute the difference function
By straightforward calculations, whether q ≡ 1 (mod 4) or q ≡ 3 (mod 4), we always have
Thus, by Equation (1.1) and the fact that (
Obviously, when q = 3, the five values of C s,t (w) can not coincide, which proves the theorem. 
Noticing that (C (6,q) 1
and (C (6,q) 3
, with straightforward but tedious calculations, we have the following Tables 2 and 3 
, we consider only the cases with i > j. In these two tables, C By simple calculations, we find that only if x = −2, some of the six values of C s i ,s j (w) in Table 2 may coincide, and when x = −2 or 4, C s i ,s j (w) in Table 3 takes six different values, which proves the theorem. 1, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1) , s 1 = (0, 0, 0, 1, 0, 1, 1, 1, 0, 1, 1, 0, 1, 0, 1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0 
Conclusions
We investigated the cross-correlation properties of Paley sequences, twin prime sequences and Hall sequences, respectively. The cross-correlation functions of these sequences are decided completely and the results show that all of them are with lower cross-correlation values. Furthermore, to get our conclusion, we established the relations between the multiplier group and decimations of the characteristic sequences for an arbitrary difference set, which illustrate the algebraic structure among all the decimations of a sequence.
